Abstract. The most puzzling aspect of the glass transition observed in laboratory is the decoupling of the dynamics from the structure. As an attempt to reconcile the dynamic and the static lengthscales associated with the glass problem, we discuss the apparent correlations between the static relaxation length, defined as that lengthscale over which the potential energy fluctuation is correlated, with the linear size of the dynamic heterogeneity. The dynamic heterogeneous domains with long life-times, may therefore be linked to the droplets of low potential energy, or the tightly bound regions inside the liquid.
Introduction
In the structural glass phenomenology, it is the superArrehnius slowing down of the transport properties that is most striking [1] . In particular, the fragile glassforming liquids are distinguished by a highly temperaturedependent effective energy barrier E eff (T ) [2] , in their thermally activated expression for the structural or α relaxation time
where, τ ∞ ∼ 10 −13 s is a high-T relaxation time, and k B is the Boltzmann constant. The temperature variation of τ α (T ) for the fragile liquids, is described over a wide range of temperatures by the empirical Vogel-Fulcher (VF) equation [3] :
where, D is a material-specific constant, and the apparent divergence temperature T 0 is called the Vogel-Fulcher temperature, which is often found to be very close to the Kauzmann temperature T K [4] where the configurational entropy of the liquid appears to vanish if it were to stay in equilibrium [5] . We note, however, that equation (2) automatically predicts a phase transition at T 0 [6], as in finite dimensions and short-range interactions a diverging time is normally accompanied by a diverging length. In fact, the very large energy barrier E eff (T g ) ∼ 30 k B T g observed for the rather weakly bonded fragile liquids at the laboratory glass temperature T g , is regarded as an indication for the cooperative nature of the relaxation dynamics. Several a e-mail: davatolhagh@physics.susc.ac.ir different equilibrium theories of the structural glass transition, invoke an increasing static correlation length that diverges as a power-law ξ
]. However, they do not seem to agree on a common value for the exponent ν (see, Tab. 1). As the dynamics is activated, even a small correlation length can lead to macroscopically large values for τ α (T ), exceeding the observation time: thus, the falling out of equilibrium of the liquid at the laboratory glass temperature T g = 1.28 ± 5.8% T 0 , which is conveniently defined as that temperature where
From another perspective, and unlike the simple liquids treated as homogeneous, deeply supercooled liquids also are distinguished by the existence of dynamically heterogeneous domains, typically a few nanometers across, and relaxation times that vary by several orders of magnitude [10, 11] . The multi-dimensional nuclear magnetic resonance measurements [10, 12] , find a dynamic heterogeneity size, ξ het = 2-3 nm, or 5 or more atomic diameters near T g for the most fragile of the liquids. The results obtained from a fluctuation theory using the heat capacity spectroscopy data are similar [13] , though some times higher [14] . As for their temperature-dependence, more recent experimental procedures have discovered a growing dynamic length accompanying the glass formation in colloidal and molecular liquids [15] , and a recent theoretical model suggests a power-law divergence for this strictly dynamical lengthscale at T 0 such that
Of course, the heterogeneity of time suggests possible heterogeneity in the structure. However, the question of whether the dynamic heterogeneity corresponds to any static correlation in the liquid structure, remains unclear to date. Indeed, a detailed knowledge of the sizes of the static and the dynamic lengthscale, their 292 The European Physical Journal B temperature dependencies, and their correlation (if any) can significantly advance our knowledge of the structural glass transition [10] .
In a previous work [17] , a Bond Ordering (BO) scenario is proposed for a supercooled liquid in which we discuss the correlated relaxation of the bonds (as local configurational energy entities) into low-lying energy states, uncorrelated with the density ordering or crystallization [18, 19] . In this bond ordering picture of a supercooled liquid, the structural specific heat C s , arising from the potential energy fluctuation, emerges as the thermal susceptibility associated with the static length for cooperative relaxation of the bonds. This static length of relaxation, ξ BO , is that lengthscale over which the potential energy fluctuation is correlated, and thus defines the typical size of a droplet of low configurational energy inside the system. The scenario predicts a growing (and possibly diverging) C s or ξ BO with the lowering temperature for the fragile liquids, which has been corroborated by the recent Monte Carlo (MC) simulations of a model glass-forming liquid by Fernandez et al. They find that potential energy fluctuation, is correlated over distances much larger than the short range of the interatomic pair interaction in a Binary Mixture of Lennard-Jones (BMLJ) particles [20] . This is made evident by studying the finite-size effects in the equilibrium at the normally inaccessible temperatures using a local swap MC dynamics. Furthermore, the recent isoconfigurational ensemble molecular dynamics simulations have identified droplets of low potential energy in a model water that correlate with dynamic heterogeneities in the form of clusters of low molecular mobility [21] . A molecule in a tightly bound region tends to be less mobile, and the larger the region, the more constrained is the movement of the molecule. In the present paper, we expand on the concept of cooperative bond ordering in order to emphasize the apparent correlations between the static relaxation length, as the average linear size of droplets of low potential energy inside the liquid, and the typical linear size of dynamic heterogeneities with life-times of the order of the structural relaxation time, using some of the most recent results.
The rest of this paper is organized as follows. In Section 2 we recount the implications of a Potential Energy Landscape (PEL) view of the dynamics relevant to our discussion. The main conclusion drawn in that section, paves the way in Section 3 for a phenomenological determination of the structural specific heat C s for the fragile liquids, and ξ BO is determined from C s using an energy version of Fisher scaling law. We also discuss, in Section 3, some important observations with regard to the linear size of dynamic heterogeneity ξ het , and its apparent correlations with the static relaxation length ξ BO . A summary of our main findings appears in Section 4.
Lesson from PEL
It is a long held view that in supercooled liquids, the macroscopic dynamics is dominated by the topographic properties of the system's PEL [22, 23] : the long-time structural or α relaxation is dictated by thermally activated crossing of the potential energy barriers separating different valleys of the potential energy surface  Φ(r 1 , . . . , r N ) , defined over the 3N-dimensional configurational space of the liquid, composed of N atoms. It has been pointed out that activated transport over the potential energy barriers begins to dominate at low temperatures, where E eff (T ) > 5k B T [22] . This description of the bulk dynamics in terms of the (3N+1)-dimensional PEL, facilitates the study of collective phenomena in viscous liquids [24] .
More recently, it has been demonstrated by the molecular dynamics simulations of the BMLJ liquid that the concept of activated hopping between whole superstructures of many PEL minima, called PEL Metabasins (MBs), is central to a quantitative description of the bulk dynamics in a supercooled liquid [25, 26] . Here, the time evolution of the system is regarded as a sequence of MB visits each with a residence time τ . The mean residence/escape time from a single MB of energy e is well described by an Arrhenius law τ (e, T ) = τ ∞ exp(E(e)/k B T ), where the MB energy, e, is defined as the energy of the lowest local minimum within the MB. The activation barrier E(e), is found to only depend on the depth of the MB [26, 27] : E(e) ∼ −e. Thus, the lower the e, the higher is the activation barrier E(e). A suitable average over the MBs visited by the system's representative point at a given temperature, thus defines the average residence time τ (T ) that corresponds to the (superArrehnius) α relaxation time:
where, p(e, T ) de is the fraction of MBs within the energy range (e, e+de) visited by the representative point at T . Clearly, E eff (T ) can be interpreted as an average over the potential energy barriers E(e) ∼ −e, encountered by the liquid at a given temperature. An spectacular demonstration of this assertion is the concurrence between the crossover to super-Arrehnius relaxation, and the commencement of the variation with the temperature of e(T ) in a molecular dynamics simulation of 80:20 BMLJ model liquid (see, Fig. 1 in [28] ). In order to better illustrate the close correlation between E eff (T ) and e(T ) , we plot in Figure 1 the dynamic energy barrier E eff (T ) ≡ k B T ln(τ α (T )/τ ∞ ) against the average value of the PEL minima e(T ) , for the temperatures accessed using the data of reference [28] . The units employed are the natural energy units for BMLJ liquid, and data points correspond to those temperatures where the system can be accessed in equilibrium in molecular dynamics simulations. This indicates that, among other things, the effective energy barrier embodied in the VF equation may also be used as an estimate for the temperature variation of e(T ) , or that of the average potential energy density of the liquid φ = Φ /N :
